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Jula Robinson ([1]) 1959 ( $\mathbb{Q}$ ) $\mathrm{N}$
$\mathbb{Z},$ $\mathbb{Q}$ ) $\emptyset$-definable
Question 1 $\mathbb{Q}$ $\mathrm{N}$ $(\emptyset-)definable$ ?







. 2 $F$ , $O$ $F$ , $\mathfrak{p}$
$\mathrm{O}$
Theorem 2 $m$ $\mathfrak{p}$ $\mathfrak{p}^{m}\int 2$ ,
fomvla $\varphi(a, b, c)$
$\exists x,y,$ $z(1-abc^{2m}=x^{2}-ay^{2}-bz^{2})$
$\psi(t)$ $fom\iota da$





$b$ $F$ $\varphi(a, b, 0)$ , $\psi(F)\ovalbox{\tt\small REJECT} \mathbb{N}$ ,
$F$ $\ovalbox{\tt\small REJECT}$ $\varphi(a, b, \mathrm{c})rightarrow\varphi(a, b, -c)$ $\mathbb{Z}\ovalbox{\tt\small REJECT}\psi(F)$
$tarrow F\backslash \mathfrak{d}$ ,
$\forall c(\varphi(a, b, \mathrm{c})arrow\varphi(a, b, c+1))arrow\varphi(a, b,t)$
$a,$ $b\in F$
Lemma 3 $\mathfrak{p}_{1}$ , $\mathrm{O}$ $a,$ $b\in \mathrm{O}$
1. $(a)=\mathfrak{p}_{1}\cdots \mathfrak{p}_{2k}$ , p\sim , 2
2. $b$ If totally positive prime number in 0-C, $(a, b)_{\mathfrak{p}}=-1\Leftrightarrow \mathfrak{p}|a$.
Lemma 4 $a,$ $b$ lemma , $m$
$\mathfrak{p}$ [ $\mathfrak{p}^{m}\beta$ ,
$F\models\exists x,$ $y,$ $z(1-abc^{2m} =x^{2}-ay^{2}-bz^{2})$ iff $c$ is $a\mathfrak{p}$ -adic integer for all $\mathfrak{p}$ such that
$\mathfrak{p}|a$ .
Pmof of Theorem 2. $t\in F\backslash 1\supset$ , $\mathfrak{p}_{1}$ ‘| $t$ $\mathfrak{p}_{1}$-adic integer
($\mathrm{O}=\bigcap_{\mathrm{p}}\mathrm{O}_{\mathfrak{p}}$ $\mathrm{O}_{\mathfrak{p}}$ $F_{\mathfrak{p}}$ $\mathfrak{p}$ ) $\mathfrak{p}_{1}$ Lemma 3
, $a,$ $b$ Lemma 4 $a,$ $b$ ,
$F\models\neg\varphi(a, b, t)\wedge\forall c(\varphi(a, b, c)arrow\varphi(a, b, c+1))$
, $F$ $\psi(t)$
$F$ $\mathrm{O}$ $\emptyset$-definable $a_{1},$ $\ldots,$ $a_{s}$ $\mathrm{O}$ integral basis







Fact 5 $a,$ $b\in \mathrm{O}\backslash \{0\}$ , $\mathfrak{p}$ , $m$ $\mathfrak{p}^{m}\parallel 2$
$a\not\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}^{2})$ $a\equiv b(\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}^{2m})$
$a,$
$b$
$\mathfrak{p}$ -adic class[ $\iota\backslash$
( $a/b\in F_{p}^{2}$ )
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Fact 6 $a,$ $b\in \mathfrak{d}\backslash \{\mathrm{O}\}$ $(a, b)_{\mathrm{p}}\ovalbox{\tt\small REJECT}$ 1 $\mathfrak{p}$ { Aoehimedean vduahon
$2ab$ $(a, b)_{\mathrm{p}}\ovalbox{\tt\small REJECT}$ 1 valuation
$(a,b)_{\mathfrak{p}}$ Hilbert symbol ,
$(a, b)_{\mathfrak{p}}=\{$
+1 if $ax^{2}+$ $2_{=1}$ is solvable in $F_{\mathfrak{p}}$ ,
-1 otherwise.
Fact 7 $a\in \mathrm{O}$ $a||\mathfrak{p}$ ( $\mathfrak{p}|a$ $\mathfrak{p}^{2}\parallel a$ ) $b\in \mathrm{O}$ $\mathfrak{p}\parallel b$
$(a,b)_{\mathfrak{p}}=-1$ .
Fact 8 $a$ , b\in F*t , $(a, b)_{\mathfrak{p}}=-1$ [ valwtion[
Fact 9 J (ideal clus) [ [
ideal class $F$ 0 0
Fact 10 $a\in \mathrm{O}$ $\mathfrak{n}\iota$ , $p\equiv a(\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{m})$
(totally positive) $p$
$p$ totauy positive $p$ $\mathbb{Q}$
Fact 11 $h\in F^{*}$ $F$ $x^{2}-ay^{2}-bz^{2}$ } $\Leftrightarrow$ $(a, b)_{\mathfrak{p}}=-1$
$\mathfrak{p}$ [ $h$ ab $\mathfrak{p}$ -adic class[
Pmof of Lemma 3. $\mathfrak{p}_{1},$ $\ldots,$ $\mathfrak{p}_{2k-1}$ 2
$\mathfrak{p}_{1}\cdots \mathfrak{p}_{2h-1}$ ideal class Fact 9 $\mathfrak{p}$:
$\mathfrak{p}_{2k}$ ideal class fi-1 $\mathfrak{p}_{1}\cdots \mathfrak{p}_{2k}$
$a$ , $(a)=\mathfrak{p}_{1}\cdots \mathfrak{p}_{2k}$ .
} $b$ Fact 7 , $i=1,$ $\ldots,$ $2k$ } $\mathrm{O}$ $b_{\dot{l}}$ $\mathfrak{p}:\Lambda b_{i}$
$(a, b)_{\mathfrak{p}}=-1$ $m$ $\mathfrak{p}$ $\mathfrak{p}^{m}\beta$
Fact 5 ,
$x\equiv b_{i}$ $(\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}_{i}^{2m})$ for $i=1,$ $\ldots,$ $2k$
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$x$ $b_{\ovalbox{\tt\small REJECT}}$ $\mathfrak{p}\ovalbox{\tt\small REJECT}$-adic class t , $i$ [ $(a, x)_{\mathrm{P}\mathrm{i}}\ovalbox{\tt\small REJECT}$ 1




$\mathrm{r}$ Fact 10 ,
$p\equiv c$ $(\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}_{1}^{2m}\cdots \mathfrak{p}_{2k}^{2m})$
totally positive prime number $p\in D$ 1 $b$
$c$ $a$ , $b$ $a$
$(a, b)_{\mathfrak{p}}=-1\Leftrightarrow$ $\mathfrak{p}|a$ , Fact 5 ,
$i=1,$ $\ldots,$ $2k$ [ $(a, b)_{\mathrm{P}*}$. $=-1$ $b$ Archimedean
valuation $\mathfrak{p}$ t $(a, b)_{\mathfrak{p}}=+1$ Fact 6 $(a, b)_{\mathfrak{p}}=-1$ valuation
$\mathfrak{p}=(b)$ Fact 8 $\square$
Remark 12 , $(a, b)(b)=+1$
Proof ofLemma 4. $F$ $\mathrm{c}$ $u,$ $v\in D,$ $v\neq 0$
$c=u/v$ $u,$ $v$ [ ,
$F\models\exists x,$ $y,$ $z(v^{2m}-abu^{2m}=x^{2}-ay^{2}-bz^{2})$ iff $\mathrm{v}$ is prime to a
$h=v^{2m}-abu^{2m}$ Fact 11 ,
$F\models\exists x,$ $y,$ $z(v^{2m}-abu^{2m}=x^{2}-ay^{2}-bz^{2})$ iff $i=1,$ $\ldots,$ $2k$ [ , $h$ ab
$\mathfrak{p}_{i}$-adic class} ,
$i$ $\mathfrak{p}_{i}|v$
$\mathfrak{p}_{i}$ { $u$ $b$ ,
$h\not\equiv \mathrm{O}$ $(\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}_{\dot{\iota}}^{2}),$ $h\equiv-abu^{2m}$ $(\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}_{}^{2m})$
Fact 5 , $h$ $abu^{2m}$ $\mathfrak{p}$:-adic class I class ab
class $h$ $x^{2}-ay^{2}-bz^{2}$ $\mathrm{t}\backslash \text{ }$
$v$ $a$ $a$ , $\mathfrak{p}_{i}$ T
ab , $h$ ab $\mathfrak{p}_{i}$-adic class I 1
$h$ $x^{2},-ay^{2}-bz^{2}$
Remark 13 ,
$l$ . $(a)=\mathfrak{p}_{1}\cdots \mathfrak{p}_{2k}$ , $\mathfrak{p}_{i}$ , 2
2. $b$ $a$ 4 [ , $(a, b)_{\mathfrak{p}}=-1\Leftrightarrow \mathfrak{p}|a$.
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3 Theorem 2
$\zeta_{m}$ 1 $m$ , $l$ $F_{0}=\mathbb{Q},$ $n>0$ $F_{n}$ $=\mathbb{Q}(\zeta_{l^{n}})$
, $K= \bigcup_{n}F_{n}$ , $F_{0}\subset F_{1}\subset F_{2}\subset\cdots$ , $K$ $\mathbb{Q}$ Abel
$\mathrm{O}_{n}\text{ }F_{n}$ $K$ $\ddagger\supset_{K}=\bigcup_{n}\mathrm{O}_{n}$
Theorem 14 formvla $\varphi(a, b, c)$
$\exists x,y,$ $z(1-abc^{4}=x^{2}-ay^{2}-bz^{2})$
$\psi(t)$ formvla
$\forall a,$ $b(\forall c(\varphi(a, b,c)arrow\varphi(a, b,c+1))arrow\varphi(a, b,t))$
$\mathbb{Z}\subseteq\psi(K)\subseteq \mathrm{O}_{K}$
Fact 15 $0<i<j$ , $\mathfrak{p}$ $F_{i}$
1. $\mathfrak{p}$ [ , $\mathfrak{p}$ $F_{j}$ , $\mathfrak{p}=\mathfrak{P}_{1}\cdots \mathfrak{P}_{g}$ . $g$ $[F_{j} : F_{1}.]=l^{j-:}$
2. $\mathfrak{p}|l$ , $\mathfrak{p}$ $F_{j}$ , $\mathfrak{p}=\mathfrak{P}^{j-i}$ . $\mathfrak{p}=(1--\zeta l^{j}),$ $\mathfrak{P}=(1-\zeta_{lj})$
Fact 16 $0<i<j$ , $a,$ $b\in F_{i},$ $\mathfrak{p}$ $F_{i}$ , $\mathfrak{P}$ $F_{j}$ $\mathfrak{p}$
$(a, b)_{\mathfrak{p}}=-1$ $(a, b)_{\mathfrak{P}}=-1$ , $(a, b)_{\mathfrak{p}}=+1$ $(a, b)_{\mathfrak{P}}=+1$
,
1. $(a_{1}a_{2}, b)_{\mathfrak{p}}=(a_{1}, b)_{\mathfrak{p}}(a_{2}, b)_{\mathfrak{p}}$
2. $K,$ $k$ , $K_{\mathfrak{P}}/k_{\mathfrak{p}}$ , $b\in k_{\mathfrak{p}},$ $\alpha\in K_{\mathfrak{P}},$ $a=N_{K\mathfrak{p}/k,}(\alpha)$
, $(\alpha, b)_{\mathfrak{P}}=(a, b)_{\mathfrak{p}}$ .
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$\mathit{0}<i<j$ , $(\ovalbox{\tt\small REJECT})_{\mathrm{p}}/(F\mathrm{i})_{\mathrm{a}}$ $[\mathrm{f}\mathrm{f}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathrm{f}^{\mathrm{f}}\ovalbox{\tt\small REJECT}]\ovalbox{\tt\small REJECT} r^{\ovalbox{\tt\small REJECT}}$
$u$ $N\ovalbox{\tt\small REJECT}$ ) $\mathrm{a}/(F\mathrm{i})_{\mathrm{p}}(a)\ovalbox{\tt\small REJECT} a^{u}$ , $(a, b)_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}(a, b)\ovalbox{\tt\small REJECT}$
$u$ Fact 16
Proof of Theorem 14. $\mathbb{Z}\subseteq\psi(K)$ $t\in K\backslash \mathrm{O}_{K}$ $t$
$F_{n}$ 1 $n>1$
$F_{n}$ $\mathfrak{p}_{1}$ [ , $t$ $\mathfrak{p}_{1}$-adic integer $\mathfrak{p}_{1}$ [
Lemma 3 , $\mathrm{O}_{n}$ $a,$ $b$
1. $(a)=\mathfrak{p}_{1}\cdots \mathfrak{p}_{2k}$ , $\mathfrak{p}_{i}$ , 2
2. $bl\mathrm{h}$ totally positive prime number in O-C, $(a, b)_{\mathrm{p}}=-1\Leftrightarrow \mathfrak{p}|a$ .
, $\mathfrak{p}_{2},$ $\ldots,$ $\mathfrak{p}_{2k}$ $l$
$\ovalbox{\tt\small REJECT}$ Fact 15 , $\mathfrak{p}$ $\mathfrak{p}^{2}\beta$ Lemma 4
$1-abt^{4}=x^{2}-ay^{2}-bz^{2}$ $x,$ $y,$ $z$ $F_{n}$ [ 4‘
$s>n$ , $F_{s}$ $x,$ $y,$ $z$ |$\sqrt$ ‘ $\mathrm{t}\backslash$ $1\backslash \text{ }s-n$
case 1. $\mathfrak{p}_{1}$ $l$ :
$a,$ $b\in \mathrm{O}_{\delta}$ $a$
$b$ $\mathrm{O}_{n}$ , $\mathrm{O}_{\epsilon}$
Fact 15 $F_{s}$ ,
1. $(a)=\mathfrak{P}_{1}\cdots \mathfrak{P}_{2r}$ , $;\mathrm{p}_{i}$ , 2
$b$ $F_{\mathit{8}}$ , Remark 12 Fact 16
2. $a$ $b$ $\mathrm{O}_{n}$ [ , $(a, b)_{\mathfrak{P}}=-1\Leftrightarrow \mathfrak{P}|a$.
Remark 13 , $m$ 2 Lemma 4 a ,
, $1-abt^{4}=x^{2}-ay^{2}-bz^{2}$ $x,$ $y,$ $z$ $F_{\partial}$ [
case 2. $\mathfrak{p}_{1}$ $l$ :
Fact 15 $F_{\mathit{8}}$ $a$ ,
1. $(a.)$ $=\mathfrak{P}_{1}^{l^{\epsilon-n}}\cdots \mathfrak{P}_{2r’}$ , ${}^{t}\beta_{i}$ , 2
Fact 15 $\mathfrak{P}_{1}=(1-\zeta_{l^{\mathit{8}}})$ $a’=a/(1-\zeta_{l^{\text{\’{e}}}})^{l^{t-n}-1}$ ,
1. $(a’)$ $=\mathfrak{P}_{1}\cdots \mathfrak{P}_{2r’}$ , $\mathfrak{P}_{i}$ , 2
{ $a=a’((1-\zeta_{l^{s}})^{(l^{\epsilon-n}-1)/2})^{2}$ , $i$ { $(a, b)\mathfrak{P}=(a’, b)_{\mathfrak{P}}$
( $(l^{s-n}-1)/2$ ) ,
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2. $a’$ $b$ $\mathrm{O}_{s}$ [ , $(a’, b)_{\mathfrak{P}}=-1\Leftrightarrow \mathfrak{P}|a’$ .
,
$1-a’bc^{4}=x^{2}-a’y^{2}-bz^{2}$ $x,$ $y,$ $z$ $F_{s}$ [ \Leftrightarrow c $\mathfrak{P}|a’$ $\mathfrak{P}$ [
$\mathfrak{P}$-adic integer,
1 $-abt^{4}=x^{2}-ay^{2}-bz^{2}$ $x,$ $y,$ $z$ $F_{s}$ { $s-n$
$(l^{\epsilon-n}-1)/4$ ,
$1-a’b(t(1-\zeta_{l^{\partial}})^{(l^{\epsilon-n}-1)/4})^{4}=x^{2}-a’((1-\zeta\iota*)^{(l^{\iota-n}-1)/2}y)^{2}-bz^{2}$
$x,$ $y,$ $z$ $F_{s}$ [ [ $t(1-\zeta_{l^{\delta}})^{(l-1)/4}.-n$ ( $\mathfrak{P}_{1}$ { $\mathfrak{P}_{1}$-adic
integer [ $\iota\backslash$ $1-abt^{4}=x^{2}-ay^{2}-bz^{2}$
$x,$ $y,$ $z$ $F_{\mathit{8}}$ $\iota\backslash \text{ }$
4
J.Robinson([l]) Theorem 14 $\iota\backslash$ $\mathrm{O}_{K}$ definability
$K$
$\overline{\mathbb{Q}}$ $K$ $\mathrm{N}$
[1] Robinson, J., The undecidability of algebraic rings and fields, Proc. Amer. Math.
Soc., 10, $\mathrm{p}\mathrm{p}95\mathrm{t}\mathrm{k}957$,1959.
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